In this paper, we study topological properties of 3D lattice dimer model. We demonstrate, that the dimer model on a bipartite lattice possesses topological defects, which are exactly characterized by Hopf invariant. We derive its explicit algebraic expression in terms of effective magnetic field of a dimer configuration. Thus, we solve the problem of topological classification of possible states in 3D lattice dimer model. Furthermore, since the lattice dimer model is known to be dual to spin ice, our work can be viewed as a proposal to search for hopfions in classical, as well as, artificial spin ice and related materials.
Lattice dimer model has a very long history in condensed matter physics. Its idea is that lattice can be viewed as a graph, such that its edges connecting nearest neighboring sites, are either empty or filled with dimers, so that every vertex is connected to exactly one dimer. Lattice dimer model was first proposed back in 1960-s as a tool to solve 2D Ising model [1] -it was found that partition function of the latter is related to the number of dimer coverings in a dual dimer model, which on a planar lattice can be computed exactly. Lattice dimer model was extensively used in an attempt to describe high-temperature superconductivity: it was used to represent resonant valence bond state, where electrons occupying neighboring sites form pairwise singlets [2] . In this context, lattice dimer model was generalized to quantum dimer model [3] , where quantum mechanical state can be viewed as a superposition of dimer coverings, and quantum evolution consists of local dimer flips. It was found, that such model possesses several non-trivial phases: in different regimes, its ground state can form either classical trivial, or staggered phase, or quantum RVB phase, which may be gapless U (1) phase on a bipartite lattice, or a gapped Z 2 phase, if the underlying lattice is nonbipartite.
The fact that quantum dimer model on a bipartite lattice hosts U (1) phase is not accidental. As was shown in Ref. [4] , dimer configurations on a bipartite lattice can be described using effective magnetic field, which, in turn, can be represented in terms of effective vector potential, similarly to conventional U (1) gauge field. In two-dimensional case, such vector potential is reduced to, so called, height representation (see [5] for review), but in three dimensional case, the vector potential is an actual vector, as in the case of physical electromagnetic field.
Since classical lattice dimer model can be viewed as an appropriate limit of quantum model, its evolution occurs due to local flips of dimers along a plaquette. Thus, a natural question to ask is, whether classical lattice dimer model hosts different topological sectors, which cannot be connected to each other through local flips. This question was considered, e.g. in Ref. [6] , where, using exact diagonalization, it was shown that dimer model on a diamond lattice contains different topological sectors. In addition, possible topological sectors in 3D dimer model on a cubic lattice were also explored in [7] : it was shown that, in the continuum limit, dimer model behaves as O(n) field, which has topologically non-trivial configurations called hopfions. Furthermore, in the Ref [7] , there was presented an explicit dimer configuration, which, in the continuum limit, becomes a hopfion.
In continuum field theory, hopfions exist, because three-dimensional vector field may have different topological sectors characterized by Hopf invariant (see [8] , and also [9, 10] ). Such invariant can, for example, describe skyrmions in O(3) vector model [11] . Recently Hopf invariants have attracted a lot of attention in physical literature: e.g. it was found that Hopf invariant can be responsible for constraint on plasma relaxation [12] , and, more interestingly, it can lead to new kinds of topological phases of matter [13] [14] [15] [16] .
In this paper, we demonstrate presence of topological defects with non-trivial Hopf number in a dimer model on a cubic lattice. Specifically, we consider topologically non-trivial dimer configurations, presented in [7] , which were proven to become hopfions in continuum limit, and claim, that they carry an exact Hopf number on a lattice. The latter can be evaluated by considering the effective magnetic field of the corresponding lattice, and computing a discretized expression for its Chern-Simons integral similarly to the case of skyrmions [11] .
We start from revision of basic properties of lattice dimer model. We consider 3D cubic lattice, which nearest neighboring vortices are connected with an edge. Every edge can be either empty or occupied with a dimer in such a way, that every vortex is connected to exactly one dimer. Evolution of a dimer configurations can be realized through local flips: if a plaquette has two aligned dimers, they can simultaneously change their directions:
Let us revise the construction of effective magnetic field on a general bipartite dimer lattice. As we mentioned previously, we have a constraint, that every vortex is attached to exactly one dimer. In other words, we say that (
The idea of effective magnetic field is that the constraint (1) can be rewritten as a zero divergence of a vector field, which can be referred as magnetic field. If we define the magnetic field along each edge as a linear function of the occupation number (which precise form is determined later), and denote by B i (x, y, z) its ith component in the positive direction from the vortex located at the point with coordinates x, y, z, its discretized divergence will be written as:
Since the last equation contains terms with positive signs at the point with the coordinates x, y, z and terms with negative signs at its neighboring points, whereas the eq. 1 contains only terms with positive signs, we have to use the fact that our lattice is bipartite and to introduce the factors σ = ±1 on odd/even sublattice. More specifically, we assume that the magnetic field B(x, y, z) is obtained from the corresponding occupation number through multiplying by σ. Finally, we need to use the fact that the total sum in the Eq. 2 is equal to zero, whereas, in the Eq. 1, the sum is equal to one. In the previous works (e.g. [4] ), this fact was accounted by subtracting inverse coordination number of the lattice z, and, hence the magnetic field was defined as:
However, the last equation has a drawback: the magnetic field does not decay on an infinite trivial lattice, and hence it is hard to use it to compute integral quantities, i.e. the ones, that would become space integrals in the continuum limit, such as e.g. Chern-Simons integral. Therefore, we would like to modify the Eq. 3 to resolve these difficulties. Specifically, we would like to define B in such a way, that if the dimer configuration is non-trivial only at a finite region of the lattice, the magnetic field would be non-trivial only within that region, and zero away from it.
We can start from considering a finite lattice, and generalizing the Eq. 3 to be applicable to it. It is easy to see, that on a finite lattice, the Eq. 3 with the coordination numbers taken from the infinite lattice, will not lead to zero divergence at the points located on the boundary points of the lattice. Therefore, we would like to find new quantities instead of the inverse coordination number 1/z, such that divergence of the new magnetic field is zero everywhere. It is easy to denote them by unknown quantities w k , write the new magnetic field expression as:
and determine the unknown quantities w r,r+ei . It is possible to fix the values of w r,r+ei by applying a few conditions. The first condition is that divergence of the magnetic field is zero at all points including corners and wedges, and it results in the following constraint:
This equation does not fix the weights w r,r+ei uniquely. Therefore, without loss of generality, we can impose additional constraints, that 'average' weight over a plaquette is zero:
w r, r+ex − w r+ey, r+ey+ex −w r+ez, r+ez+ex + w r+ey+ez, r+ey+ez+ex = 0 and its cyclic permutations (6) We will discuss the precise meaning of these constraints later, but for now, we note that they have a simple interpretation: in a trivially aligned configuration of dimers, magnetic flux over each plaquette is zero. In fact, even in the presence of all these constraints (5) and (6), the weights are still non-unique, but we can select just one arbitrary configuration of w r,r±ei , satisfying all the equations. A possible example for a finite lattice is presented on the Fig. 2 . We note, that by fixing w r,r±ei near the corner of the lattice, we can fix them at all other edges of the finite lattice.
In the case of an infinite lattice, we can view our model in the following way. Suppose that dimers are allowed to form non-trivial configurations only within a finite subregion (we can assume, that it has even number of sites in each direction), whereas at the rest of the lattice, dimers are fixed in a trivial configuration. Suppose also, that within the finite sublattice, the weights are fixed as we discussed previously, e.g. as shown on the Fig. 2 , whereas at the rest of the lattice, the weights are fixed simply as w r,r±ei = n r,r±ei -this is an allowed choice because, we are assuming now, that the dimer configuration does not evolve outside the finite subregion. We also note that our configuration does not break any of the Eqs. (5, 6), because dimers reside either within the finite sublattice or away from it, and therefore at the interface we have w r,r±ei = n r,r±ei = 0 -this does not affect the Eqs. (5, 6). In this configuration, the lattice magnetic field is nontrivial only within the finite sublattice, and zero outside of it, particularly at infinity. Once we have defined the lattice magnetic field (Eq. 4) and fixed the weights, we can also define lattice vector potential. Since the magnetic field is defined along each edge, the corresponding vector potential will be defined at each plaquette (see Fig. 3 ), through the equations:
B y,z are defined through cyclic permutations
Using, these equations together with gauge-fixing conditions, we can find the vector potential for a given configuration of the magnetic field. For example, if we fix the gauge A z = 0, we can write the vector potential as:
From the Eqs. (7), it is easy to see that a local dimer flip, shown on the Fig. 1 can be written as a change of vector potential at the plaquette, where the flip occurs.
Once we have defined the vector potential, we can use it to define Hopf number. It is known, that in a continuum theory, if A is a Berry connection of a certain wavefunction, its Hopf number can be defined as ChernSimons integral:
and one can show, that it is an integer topological invariant.
We would like to demonstrate, that, in the lattice dimer model, we can define a similar expression, which is equal to an integer number, and remains invariant under any local plaquette flips. First, we have to discretize the Eq. (9) properly. We do it by replacing the integral with a sum over the values of vector potential over each plaquette, multiplied by magnetic field averaged over all edges, attached to the plaquette:
+ (cyclic permutations).
Next, we would like to check if the last equation satisfies same properties, as the continuum Hopf number, defined by the Eq. (9). For example, the expression (9) is known to be gauge invariant. Indeed, it is easy to see that, in the case of an infinite space with decreasing field at infinity, its variation is equal to the integral of divergence of the magnetic field, i.e. zero. We demonstrate in the Supplemental Material, that the same statement holds for the discrete Hopf number, defined by the Eq. (10). We note, that to prove it, we use the fact that magnetic field is decreasing at the infinity. Furthermore, we note, that the same statement holds for a finite lattice, provided that the magnetic field satisfies the Eq. (2) at all points. Now, let us consider the transformation of Hopf number (9) under infinitesimal change of vector potential. In-deed, in continuum field theory, Hopf number transforms as:
In the case of the lattice model, we can obtain a similar expression (see [17] for the derivation):
Cyclic permutations for A y,z
This equation tells us that if we change the vector potential at one plaquette, the corresponding transformation of the Hopf number ∆χ will be expressed as variation of the vector potential, multiplied by average magnetic field at the edges, emerging perpendicularly to the plaquette. If we use the fact that a local dimer flip, shown on the Fig. 1 , corresponds to a local change of vector potential, we can conclude that variation of χ under a plaquette flip is proportional to average magnetic field perpendicular to the plaquette. Since in this configuration, dimer occupation numbers are non-zero only along the plaquette, we can conclude that ∆χ is proportional to averaged weights of edges emerging perpendicularly to the plaquette, i.e. precisely the combinations entering the Eq. (6). Thus, we arrive to the conclusion: the constraints (6) result in the Hopf number χ being invariant under any local dimer flips.
Once we have established that Hopf number (10) is an invariant, we are interested in computing it explicitly. The simplest field configuration, where it can be computed, is a trivial dimer configuration, where all dimers are aligned in one direction, forming maximally flippable state. In this case, after fixing the gauge A z = 0, straightforward applying of the constraint (6) to each plaquette, leads to the conclusion that χ = 0.
From the Ref. [7] , we know the simplest topologically non-trivial configuration of dimers (hopfion), which we show on the Fig. 4 . In [7] it was shown, that such configuration is topologically non-trivial, because pfaffian of its Kasteleyn matrix is equal to −1, in contrast to +1 for the trivial, maximally flippable state, and it does not change under local flips. It is easy to demonstrate (see [17] for details), that such non-trivial configuration has, indeed, χ = 1. It is also easy to see, that the Hopf number remains invariant if the hopfion is placed on a larger lattice with trivially aligned dimers. Furthermore, if several hopfions are placed on a large lattice filled with trivially aligned dimers, their total Hopf number is given by the sum of Hopf numbers for each hopfion. These facts confirm an idea, that the configuration, shown on the Fig.  4 , has all properties of conventional topological defects. At the same time, it is distinguished by the fact, that its topological properties are exact on the lattice, i.e. do not require taking continuum limit.
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FIG. 4: Dimer configuration forming a hopfion -the simplest topologically non-trivial configuration
This is the main result of this paper: configurations in 3D bipartite lattice dimer model can be classified according to their Hopf numbers, which are expressed in terms of effective magnetic field of the dimer model. These Hopf numbers are preserved under local dimer flips (Fig. 1) , and therefore configurations with different Hopf numbers cannot be transformed into each other.
Our results may have a wide range of applications. It is known, that dimer models on bipartite lattices are dual to spin systems, and, particularly, dimer model on a diamond lattice is dual to spins on pyrochlore lattice, i.e. spin ice [18] [19] [20] . Thus, it might be of interest to search for hopfions in various spin systems. Furthermore, since classical spin ice has been proven to exist in such materials as Dy 2 Ti 2 O 7 and Ho 2 Ti 2 O 7 [20, 21] , it would be interesting to search for hopfions experimentally. This, in turn, may lead to plenty of novel phenomena, e.g. cores of hopfions were predicted to host non-abelian anyons [7, 22] , which are interesting in the context of quantum computing [23] .
Finally, we mention, that lattice dimer model has been experimentally realized in artificial spin ice [24] [25] [26] , where the dimers are simulated by nanomagnets. In the recent years, there were made numerous efforts to create 3D artificial spin ice [27] [28] [29] . Therefore, artificial spin ice is a natural physical system, where hopfions can be realized.
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Supplemental material
In this Supplementary material we present derivation of the properties of the discrete Hopf number, defined according to the Eq. (10) of the main text. For shortness of notations, we find it convenient to represent the sum of products of magnetic fields and vector potentials (Eq. 10) graphically. Particularly, we assume that summation is taken over all plaquettes, and denote vector potential in each of them by red square. We also denote magnetic fields, which are multiplied by the vector potential, by green lines. If we view a red square with attached green lines as a corresponding vector potential multiplied by the adjacent magnetic field, we can represent our Hopf number, defined by the Eq. (10), graphically as:
In the following sections, we use these graphical notations to derive its gauge invariance, and transformation under smooth variations of the vector potential, i.e. the Eq. (12) of the main text.
GAUGE INVARIANCE
In this section, we demonstrate, that the discrete Hopf number, defined by Eq. (10) of the main text is invariant under gauge transformations of the vector potential, i.e. transformations which leave the magnetic field invariant. Indeed, similarly to conventional electrodynamics, the lattice magnetic field remains invariant, if the vector potential is transformed as:
On the lattice, the gauge function θ can be defined in every cube formed by the lattice sites, is such a way that the vector potential on a given plaquette is added by a difference between the gauge functions at cubes adjacent to the plaquette. In other words, if we denote the gauge function at each lattice unit by a yellow cube, we can represent the gauge transformation (1) graphically as:
In these notations, variation of the discrete Hopf number under gauge transformations of the vector potential (which is a sum of products between gauge functions and magnetic fields) can be represented graphically as:
Now we have to use the fact that our lattice magnetic fields are non zero only within the finite region of the total lattice, which implies that the terms entering the Eq. (2) are non zero only within the finite sublattice. The fact that the terms entering the sum (2) are zero away from the finite sublattice, implies that we can shift the sum, in such a way that in each bracket of the Eq. (2), the gauge function is taken at one point. Therefore, we can rewrite the gauge transformation as:
which is just a sum of divergences of magnetic fields at all corners of the cube entering each bracket. Since the divergence of magnetic field is zero, we can conclude that ∆χ is zero, and thus the discrete Hopf number χ is gauge invariant.
LOCAL TRANSFORMATIONS OF VECTOR POTENTIAL
In this section we derive the transformation of the discrete Hopf number under local change of the vector potential, i.e. change of A z (x, y, z) at one plaquette. The latter results in change of B y,z at the edges, adjacent to the plaquette. If we denote by dashed lines the bonds, where the vector potential or magnetic field is varied, we can represent the terms contributing to the change of Hopf number as:
Here, the first two graphs show the plaquettes, whose vector potential we have to include, and variations of magnetic fields, by which they have to be multiplied. The last graph shows the plaquette with varying vector potential multiplied by the adjacent magnetic fields.
In the last equation we can express the variations of magnetic field in terms of variations of the vector potential. If we do it with the first two terms, we can rewrite it as:
If we similarly express the magnetic field in the last term, the variation of the discrete Hopf number will be simplified as:
This equation is rewritten without graphic notations precisely as the Eq. (12) from the main text.
EXPLICIT CALCULATION OF HOPF NUMBER
In this section, we present explicit calculation of the Hopf number (Eq. 10 from the main text) for the hopfion configuration, shown on the Fig. 4 . We assume that the hopfion is placed on a lattice, where all other dimers are aligned in z direction. Without loss of generality, we can fix the gauge as: A z = 0. Since the weights satisfy the condition (6), it is easy to see that aligned dimers result in zero average magnetic field over plaquette, and thus the Hopf number is contributed only by plaquettes and edges 'touching' the hopfion. Explicitly, relevant edges have values of magnetic field shown on the figure 1. In this section we choose indices in the following way: three numbers refer to coordinates of the lattice site, from which the edge starts in the positive direction, and xyz refer to the edge's direction.
After fixing the gauge A z , we can express the values of vector potential at arbitrary z in terms of the values of vector potential 'below' the hopfion, i.e. at z = 0. The resulting values of vector potential at the plaquettes, contributing to the Hopf invariant, are shown on the Fig. 2 . Once, we have the values of A and B, application of the Eq. (10) is straightforward. It is simplified by the fact, that when we compute a sum of magnetic fields 'piercing' a plaquette, the coordination numbers cancel out, and, as a result, such sum is equal to a number of 'horizontal' dimers in a hopfion taken with appropriate sign. Explicitly, the sum of magnetic fields 'piercing' each plaquette is shown on the Fig. 3 . We assume here, that the hopfion is placed in a space with trivially aligned dimers, but the result would not change if two hopfions 'touch' each other. One can check that, in the latter case, the contribution from plaquettes lying between the hopfions can be split between them, so that each hopfion acruires the same contribution, as if it were in a vacuum.
After we multiply each component of vector potential by the corresponding sum of magnetic fields, we can see that all terms contributing to the Hopf invariant can be split into two groups: terms arising from the vector potential 'below' the hopfion, i.e. proportional to A ij0,x,y , and terms arising from coordination numbers at its edges. We represent all of these terms graphically on the Fig. 4 . More specifically, the Fig. 4a shows all terms arising from the vector potential A ij0,x,y , which can be obtained from the corresponding contributions to the total vector potential (shown on the Fig. 2 ) by multiplying over the sum of magnetic fields (see Fig. 3 ) and summing over the planes. In contrast, the Fig. 4b shows all terms arising from the coordination numbers -the corresponding contributions to the total vector potential from the Fig. 2 also multiplied by the sum of magnetic fields. Thus, the total Hopf invariant is equal to one eighth of the total sum of terms shown on the Figs. 4a, 4a. × (Sum of terms from Fig. 5c ). In particular, the Fig. 5a shows all terms obtained by summing the terms from Fig. 4a. Fig. 5b shows all terms obtained by summing the terms from the top layer of the Fig. 4b. Fig. 5c shows all terms obtained by summing the terms from the bottom layer of the Fig. 4b One can check that, since the bonds 'below' the hopfion do not contain dimers, the magnetic field components shown on the Fig. 5a cancel out due to the constraint (Eq. 6). Similarly, the weights shown on the Fig. 5c cancel as well. Thus, we arrive to the final answer for the Hopf invariant:
